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The characteristics of dust matter in space-time models, admitting the existence of priv-
ilege coordinate systems are given, where the single-particle Hamilton-Jacobi equation
can be integrated by the method of complete separation of variables. The resulting func-
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1. Introduction
At present, the basic constructive method for integrating geodesic equations in
metric gravity theories is the method of complete separation of variables in the
Hamilton-Jacobi equation for test particles. On the other hand, dust matter moving
∗zyxel@tspu.edu.ru
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along geodesic lines of space-time is the standard model in the study of cosmolog-
ical and astrophysical problems in the framework of metric theories of gravitation,
including modified theories of gravity.
The Hamilton-Jacobi equation for test particles is as follows:
gijS,iS,j = m
2, i, j, k = 0...3, (1)
here S – the action of a test particle, m – mass of a particle. The spaces that
admit of a ”privileged” coordinate systems, where (1) admit a complete separation
of variables are called Stackel spaces (SS), see [1], [2]. The main results of Stackel
spaces theory can be found in [3], [4], [5].
SS covariant condition is the presence of the so-called complete set of a commut-
ing Killing vector and tensor fields, which satisfy some additional algebraic relations.
Type of the SS metric tensor in privileged coordinate systems (where separation of
variables is accepted) is determined up to a set of arbitrary functions where each
function depends only on one variable. Types of SS differ on the number accepted
in a complete set of commuting Killing vectors Y i(p) (p = 1, N) and the presence
(absence) among the separated variables of the wave (null) coordinates. In total,
there are seven types of 4- dimensional SS with Lorentz signature. The SS type is de-
fined by a set of two numbers (N.N0), where N – the number of commuting Killing
vectors accepted by the space (the dimension of the Abelian group of space-time
motions), and N0 = N − rank|Y
i
(p)gijY
j
(q)| – the number of (null) variables in priv-
ileged coordinate systems (for 4-dimensional spaces of Lorentz signature N = 0...3,
N0 = 0, 1).
SS application in gravitation theories [6–13] is based on the fact that exact
integrable models can be developed for these spaces. The majority of well-known
exact solutions is classified as SS (Schwarzschild solutions, Kerr, Friedman, NUT,
etc.). It is important to note that the other single-particle equations of motion -
Klein-Gordon-Fock and Dirac, Weyl admit separation of variables only in SS. The
same methods can be used to obtain solutions to the field equations in the theories
of modified gravity [14], [15].
The energy-momentum tensor of dust matter is as follows:
Tij = ρ uiuj , (2)
where ρ – energy density, ui – field of matter velocity.
Implementation of the law of conservation is expected for the matter (the equa-
tions of the matters motion):
∇iTij = 0. (3)
The velocity vector of the matter corresponds to the norm condition (the space
signature (+,−,−,−)):
uiui = 1. (4)
September 11, 2018 15:2 WSPC/INSTRUCTION FILE
Osetrin˙Dust˙2015˙for˙mpla
The space-time models with dust matter that admit separation of variables in Hamilton-Jacobi equations 3
The velocity vector of the matter is separated in a privileged coordinate system,
i.e. corresponding covariant velocity components depend only on one variable:
ui = ui(x
i). (5)
In the paper, the functional form of energy density and velocity components of dust
matter in privileged coordinate systems is obtained for all types of SS. Privileged
coordinate systems admit separation of variables in the equations (1), (4) and the
equations of the law of conservation of the energy-momentum (3) are carried out.
2. Dust matter in Stackel spaces
In privileged coordinate systems, variables (the metric is independent from them)
are called ignorable. Thus, the geometric part of the gravitational equations, ve-
locity components and energy density of the matter do not depend on the ignored
variables. Nonignorable variables will be numbered by Greek indices µ, ν. The func-
tions of a single variable will be supplied with the subscript which corresponds to
the variable index, i.e.. a0 = a0(x
0), b1 = b1(x
1).
In the paper, the following notations will be used:
P = ln
∣∣∣∣ ρ
2
∆2 det gij
∣∣∣∣ , (6)
where ∆ – a conformal factor of the metrics (for some types of spaces ∆ = 1).
2.1. Stackel spaces of (3.0) type
Stackel spaces of (3.0) type accept 3 commuting Killing vectors. In a privileged
coordinate system, the metric depends only on one variable x0:
gij =


1 0 0 0
0 a0 b0 c0
0 b0 d0 e0
0 c0 e0 f0

 (7)
∆ = 1, a0, b0, c0, d0, e0, f0 − arbitrary functions of the variable x
0.
The 4-velosity of matter in a privileged coordinate system has the following sepa-
rated form:
u0 = u0(x
0), u1 = α, u2 = β, u3 = γ, α, β, γ − const.
The norm condition (4) provides the relation:
α2a0 + 2αβb0 + β
2d0 + 2αγc0 + 2βγe0 + γ
2f0 + u0
2 = 1. (8)
The equations of motion (3) can be reduced to an equation for the P function:
u0P,0 + (αa0 + βb0 + γc0)P,1 + (αb0 + βd0 + γe0)P,2 +
+ (αc0 + βe0 + γf0)P,3 + 2u0
′ = 0. (9)
Hence, we get two cases for velocity and energy density of the matter.
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2.1.1. Case (3.0 – A). u0 6= 0.
ui = (u0, α, β, γ), (10)
u0 =
√
1− (α2a0 + 2αβb0 + β2d0 + 2αγc0 + 2βγe0 + γ2f0), (11)
ρ = const
√
− det gij
u0
. (12)
2.1.2. Case (3.0 – B). u0 = 0.
The function ρ = ρ(x0) is arbitrary, and we have the conditions:
ui = (0, α, β, γ), α
2a0 + 2αβb0 + β
2d0 + 2αγc0 + 2βγe0 + γ
2f0 = 1. (13)
2.2. Stackel spaces of (3.1) type
The space of (3.1) type admits 3 commuting Killing vectors. In a privileged coordi-
nate system, the metric depends only on one variable x0. The variable x0 – a null
(wave) variable. The metric, which accepts a complete separation of variables of
(3.1) type, can be written in a privileged coordinate system as:
gij =


0 1 a0 b0
1 0 0 0
a0 0 c0 f0
b0 0 f0 d0

 (14)
∆ = 1, a0, b0, c0, d0, f0 − arbitrary functions of x
0.
The 4-velosity of matter is as follows:
u0 = u0(x
0), u1 = α, u2 = β, u3 = γ, α, β, γ − const.
The system of equations (3)-(4) can be reduced to two equations:
β2c0 + 2βγf0 + γ
2d0 + 2(α+ βa0 + γb0)u0 = 1, α
2 + β2 + γ2 6= 0, (15)
(α+ βa0 + γb0)P,0 + u0P,1 + (a0u0 + βc0 + γf0)P,2+
+ (b0u0 + βf0 + γd0)P,3 + 2βa
′
0 + 2γb
′
0 = 0, (16)
Hence, for matter velocity and energy density, we obtain the following two cases.
2.2.1. Case (3.1 – A). α+ βa0 + γb0 6= 0.
u0 =
1− (β2c0 + 2βγf0 + γ
2d0)
2 (α+ βa0 + γb0)
, ρ = const
√
− det gij
α+ βa0 + γb0
. (17)
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2.2.2. Case (3.1 – B). α+ βa0 + γb0 = 0.
Functions u0(x
0) and ρ = ρ(x0) remain arbitrary, with:
ui =
(
u0(x
0), α, β, γ
)
, (18)
α+ βa0 + γb0 = 0 β
2c0 + 2βγf0 + γ
2d0 = 1, β
2 + γ2 6= 0. (19)
2.3. Stackel spaces of (2.0) type
The space of this type admits two commuting Killing vectors. In a privileged coor-
dinate system, the metric depends on two variables x0 and x1 :
gij =
1
∆


1 0 0 0
0 ǫ 0 0
0 0 A B
0 0 B C

 (20)
∆ = t0(x
0) + t1(x
1), A = a0(x
0) + a1(x
1),
B = b0(x
0) + b1(x
1), C = c0(x
0) + c1(x
1), ǫ = ±1.
u0 = u0(x
0), u1 = u1(x
1), u2 = α, u3 = β, α, β, γ − const.
From the norm condition for velocity (4) we have:
t0 = u0
2 + α2a0 + 2αβb0 + β
2c0 + γ, t1 = ǫu1
2 + α2a1 + 2αβb1 + β
2c1 − γ. (21)
From the conservation law (3) we obtain the equation for energy density:
u0P,0 + ǫu1P,1 + (αA+ βB)P,2 + (αB + βC)P,3 + 2u
′
0 + 2ǫu
′
1 = 0. (22)
For the matter velocity and energy density, we obtain the following cases.
2.3.1. Case (2.0 – A). u0u1 6= 0.
ui = (u0, u1, α, β), (23)
u0 =
√
t0 − α2a0 − 2αβb0 − β2c0 − γ, (24)
u1 =
√
ǫ(t1 − α2a1 − 2αβb1 − β2c1 + γ), (25)
ρ = F (X)
∆
√
− det gij
u0 u1
, X =
∫
dx0
u0
− ǫ
∫
dx1
u1
, (26)
where F (X
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2.3.2. Case (2.0 – B). u0 = 0 or u1 = 0.
u0 = 0, u1 6= 0, t0 = α
2a0 + 2αβb0 + β
2c0 + γ,
ρ = F (x0, X)
∆
√
− det gij
u1
, X =
∫
dx1
u1
. (27)
u0 6= 0, u1 = 0, t1 = α
2a1 + 2αβb1 + β
2c1 − γ,
ρ = F (x1, X)
∆
√
− det gij
u0
, X =
∫
dx0
u0
. (28)
Where F — an arbitrary function of its arguments.
2.3.3. Case (2.0 – C). u0 = u1 = 0.
The function ρ = ρ(x0, x1) remains arbitrary. The following conditions are satisfied:
ui = (0, 0, α, β), t0 = α
2a0+2αβb0+β
2c0+γ, t1 = α
2a1+2αβb1+β
2c1−γ. (29)
2.4. Stackel spaces of (2.1) type
The space of this type admits two commuting Killing vectors. In a privileged coor-
dinate system, the metric depends on two variables x0 and x1 . The variable x1 –
null (”wave” type). The metric in a privileged coordinate system can be written as:
gij =
1
∆


1 0 0 0
0 0 f1 1
0 f1 A B
0 1 B C

 (30)
∆ = t0(x
0)+t1(x
1), A = a0(x
0)+a1(x
1), B = b0(x
0)+b1(x
1), C = c0(x
0)+c1(x
1).
For 4-velosiyu we have:
u0 = u0(x
0), u1 = u1(x
1), u2 = α, u3 = β, α, β − const.
Separation of variables in the norm condition for velocity (4) provides (γ – const):
t0 = u0
2 + α2a0 + 2αβb0 + β
2c0 + γ, (31)
t1 = 2(αf1 + β)u1 + α
2a1 + 2αβb1 + β
2c1 − γ. (32)
From the conservation law (3) we obtain the equation for energy density:
u0P,0+(αf1+β)P,1+(αA+βB+f1u1)P,2+(αB+βC+u1)P,3+2αf
′
1+2u0
′ = 0. (33)
From the equations (32)–(33) for velocity and energy density of dust matter, we
obtain expressions through the functions of the metric of four types.
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2.4.1. Case (2.1 – A). u0(αf1 + β) 6= 0.
u0 =
√
t0 − α2a0 − 2αβb0 − β2c0 − γ, (34)
u1 =
t1 − α
2a1 − 2αβb1 − β
2c1 + γ
2 (αf1 + β)
, (35)
ρ = F (X)
∆
√
− det gij
u0(αf1 + β)
, X =
∫
dx0
u0
−
∫
dx1
αf1 + β
, (36)
where F — an arbitrary function of its argument.
2.4.2. Case (2.1 – B). u0 = 0, αf1 + β 6= 0.
t0 = α
2a0 + 2αβb0 + β
2c0 + γ, u1 =
t1 − α
2a1 − 2αβb1 − β
2c1 + γ
2 (αf1 + β)
, (37)
ρ = F (x0, X)
∆
√
− det gij
(αf1 + β)
, X =
∫
dx1
αf1 + β
. (38)
2.4.3. Case (2.1 – C). αf1 + β = 0, u0 6= 0.
The function u1(x
1) remains arbitrary.
u0 =
√
t0 − α2a0 − 2αβb0 − β2c0 − γ, (39)
t1 = α
2a1 + 2αβb1 + β
2c1 − γ, (40)
ρ = F (x1, X)
∆
√
− det gij
u0
, X =
∫
dx0
u0
. (41)
2.4.4. Case (2.1 – D). u0 = 0, αf1 + β = 0.
The functions u1(x
1) and ρ = ρ(x0, x1) remain arbitrary. We have the conditions:
t0 = α
2a0 + 2αβb0 + β
2c0 + γ, t1 = α
2a1 + 2αβb1 + β
2c1 − γ. (42)
2.5. Stackel spaces of (1.0) type
The space of this type admits one Killing vector. In a privileged coordinate system,
the metric depends on three variables x1, x2 and x3:
gij =
1
∆


Ω 0 0 0
0 V 1 0 0
0 0 V 2 0
0 0 0 V 3

 (43)
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∆ = σµ(x
µ)V µ, Ω = ων(x
ν)V ν , µ, ν = 1...3.
V 1 = t2(x
2)− t3(x
3), V 2 = t3(x
3)− t1(x
1), V 3 = t1(x
1)− t2(x
2),
ui = (α, u1(x
1), u2(x
2), u3(x
3)), α = const.
The system of equations (3)–(4) will be:
Ωα2 + V µuµ
2 = ∆, (44)
αΩP,0 + V
µ(uµP,µ + 2u
′
µ) = 0. (45)
From the relation (44) and (45) we obtain the following cases.
2.5.1. Case (1.0 – A). u1 u2 u3 6= 0.
uµ =
√
σµ − α2ωµ + βtµ + γ, β, γ – const. (46)
For energy density, from the equation (45) , we obtain the expression through the
metric functions:
ρ = F (X,Y )
∆
√
− det gij
u1 u2 u3
, X =
∑
µ
∫
tµ
uµ
dxµ, Y =
∑
µ
∫
dxµ
uµ
, (47)
where F (X,Y ) — an arbitrary function of its arguments.
2.5.2. Case (1.0 – B). u1 u2 u3 = 0.
In case when some of the velocity components become zero (for example with the
index ν), we obtain:
uν = 0, σν = α
2ων − βtν − γ, (48)
ρ = F (xν , X, Y )∆
√
− det gij/
∏
µ6=ν
uµ, (49)
X =
∑
µ6=ν
∫
tµ
uµ
dxµ, Y =
∑
µ6=ν
∫
dxµ
uµ
, (50)
2.5.3. Case (1.0 – C). u1 = u2 = u3 = 0.
The function ρ = ρ(x1, x2, x3) remains arbitrary, with:
ui = (α, 0, 0, 0), σµ = α
2ωµ − βtµ − γ, µ = 1, 2, 3. (51)
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2.6. Stackel spaces of (1.1) type
The spaces of this type admits one Killing vector. In a privileged coordinate system,
the metric depends on three variables x1, x2 and x3 . The variable x1 – is null (
wave type). The metric in a privileged coordinate system can be written as:
gij =
1
∆


Ω V 1 0 0
V 1 0 0 0
0 0 V 2 0
0 0 0 V 3

 (52)
V 1 = t2(x
2)− t3(x
3), V 2 = t3(x
3)− t1(x
1), V 3 = t1(x
1)− t2(x
2).
∆ = φµ(x
µ)V µ, Ω = ωµ(x
µ)V µ, µ, ν = 1...3,
u = (α, u1(x
1), u2(x
2), u3(x
3)), α, β, γ − const. (53)
The system of equations (3)-(4) can be reduced to two equations:
V 1(2αu1 + α
2ω1 − φ1) + V
2(u2
2 + α2ω2 − φ2) + V
3(u3
2 + α2ω3 − φ3) = 0, (54)
(V 1u1 + αΩ)P,0 + αV
1P,1 + u2V
2P,2 + u3V
3P,3 + 2V
2u′2 + 2V
3u′3 = 0. (55)
We get the following cases of the relations for energy density and velocity compo-
nents of the matter.
2.6.1. Case (1.1 – A). αu2u3 6= 0.
u1 =
1
2α
(βt1 + γ − α
2ω1 + φ1), (56)
u2 =
√
βt2 + γ − α2ω2 + φ2, u3 =
√
βt3 + γ − α2ω3 + φ3. (57)
ρ = F (X,Y )
∆
√
− det gij
u2 u3
, (58)
X = −
1
α
∫
t1 dx
1 +
∫
t2
u2
dx2 +
∫
t3
u3
dx3, Y =
x1
α
+
∫
dx2
u2
+
∫
dx3
u3
, (59)
where F (X,Y ) — an arbitrary function of its arguments.
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2.6.2. Case (1.1 – B). u2u3 = 0.
In the case when some of the components of velocity u2 or u3 become zero, the
rest of the components are determined by the relations (57). For energy density, we
have:
u2 = 0, u3 6= 0, ρ = F (X,Y )
∆
√
− det gij
u3
, (60)
X = −
1
α
∫
t1 dx
1 +
∫
t3
u3
dx3, Y =
x1
α
+
∫
dx3
u3
. (61)
u2 6= 0, u3 = 0, ρ = F (X,Y )
∆
√
− det gij
u2
, (62)
X = −
1
α
∫
t1 dx
1 +
∫
t2
u2
dx2, Y =
x1
α
+
∫
dx2
u2
. (63)
2.6.3. Case (1.1 – C). u0 = α = 0, u2 u3 6= 0.
φ1 = −βt1 − γ, u1 = pt1 + q, (64)
u2 =
√
βt2 + γ + φ2, u3 =
√
βt3 + γ + φ3, p, q – const, (65)
ρ = F (x1, X, Y )
∆
√
− det gij
u2 u3
, (66)
X =
∫
t2
u2
dx2 +
∫
t3
u3
dx3, Y =
∫
dx2
u2
+
∫
dx3
u3
, (67)
where F – an arbitrary function of its arguments.
2.6.4. Case (1.1 – D). α = u2 = u3 = 0.
The functions ρ = ρ(x1, x2, x3) and u1(x
1) remain arbitrary, and from (54) it follows
that:
φµ = −βtµ − γ, µ = 1, 2, 3. (68)
2.7. Stackel spaces of (0.0) type
In a privileged coordinate system, the metric (0.0) type depends on all variables:
gij =
1
∆


V 0 0 0 0
0 V 1 0 0
0 0 V 2 0
0 0 0 V 3

 (69)
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∆ = φi(x
i)V i, i = 0...3,
V 0 = a1(b2−b3)+a2(−b1+b3)+a3(b1−b2), V
1 = a0(−b2+b3)+a2(b0−b3)+a3(−b0+b2),
V 2 = a0(b1−b3)+a1(−b0+b3)+a3(b0−b1), V
3 = a0(−b1+b2)+a1(b0−b2)+a2(−b0+b1).
Velocity of the matter has a separated form:
ui = (u0(x
0), u1(x
1), u2(x
2), u3(x
3)).
The norm condition and the equation of matter motion are as follows:
V iui
2 = ∆, (70)
V i(uiP,i + 2u
′
i) = 0, (71)
Hence, we obtain the following cases for the components of velocity and energy
density of the matter.
2.7.1. Case (0.0 – A). u0 u1 u2 u3 6= 0.
ui =
√
φi + αai + βbi + γ, α, β, γ – const, (72)
ρ = F (X,Y, Z)
∆
√
− det gij
u0 u1 u2 u3
, (73)
X =
∑
i
∫
dxi
ui
, Y =
∑
i
∫
ai
ui
dxi, Z =
∑
i
∫
bi
ui
dxi, (74)
where F — an arbitrary function of its arguments.
2.7.2. Case (0.0 – B). u0 u1 u2 u3 = 0.
In case when some of the velocity components, for example with k index, become
zero, we have:
uk = 0, φk = −αak − βbk − γ, (75)
ρ = F (X,Y, Z)∆
√
− det gij/
∏
i6=k
ui, (76)
X =
∑
i6=k
∫
dxi
ui
, Y =
∑
i6=k
∫
ai
ui
dxi, Z =
∑
i6=k
∫
bi
ui
dxi. (77)
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3. Stackel spaces of (2.1) type with dust matter and the
cosmological constant in Einstein’s gravity theory
As an example, we consider the specific metric theory of gravity – the General
Relativity. We will find out a solution to Einstein field equations for SS of (2.1)
type with dust matter and the cosmological constant:
Rij −
1
2
gijR = Λ gij + ρ uiuj , (78)
where Λ – the cosmological constant, ρ – energy density of dust matter, ui – the
4-velocity matter.
Norm conditions for the 4-velocity are carried out:
gijuiuj = 1. (79)
For the 4-velocity matter component, a privileged coordinate system involves a
separated form, i.e. ui = ui(x
i).
In this case, a solution to Einstein’s equations has the following two cases.
3.1. Case A. f1 6= const.
The metric has the following form:
gij =
1
u0(x0)
2


1 0 0 0
0 0 f1(x
1) 1
0 f1(x
1) a0(x
0) + a1(x
1) b0(x
0)
0 1 b0(x
0) c0(x
0)

 , (80)
The functions a0(x
0), b0(x
0), c0(x
0), f1(x
1), a1(x
1) are given by:
a0 = λq0, b0 = µ, c0 = σq0 + ν, λ, µ, ν, σ − const, (81)
f ′1
2
= λ+ σf1
2, λ2 + σ2 6= 0, λσ = 0, (82)
a1 = 2µf1 − νf1
2, (83)
The functions u0(x
0) and q0(x
0) are determined by the following equations:
u′′0 =
Λ
2
u0
3 +
3u0
8q0
+
u′0
2
2u0
, (84)
q′′0 = 2 +
3q′0
2
2q0
−
2q′0u
′
0
u0
. (85)
For energy density and velocity of the matter, we have:
ui =
(
u0(x
0), 0, 0, 0
)
, ρ = −Λ+
3u′0
2
u04
−
u0 + 4q
′
0u
′
0
4q0u03
. (86)
Weyl tensor can not become zero, i.e., this space cannot be conformally flat.
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3.2. Case B. f1 = 0.
The metric takes the following form:
gij =
1
u02


1 0 0 0
0 0 0 1
0 0 a1 b0
0 1 b0 c0

 , (87)
The functions a1(x
1), c0(x
0), u0(x
0) are defined by the following equations:
u′0
2
=
Λ
3
u0
4 +
λ
3
u0, λ− const, (88)
a′1
2
= κa1
3 − 2µa1
2, c′′0 + 2c
′
0
u′0
u0
= −µ, b0 = ν, κ, µ, ν − const. (89)
For energy density and the matter velocity, we have:
ui = (u0, 0, 0, 0), ρ =
λ
u03
, (90)
Weyl tensor can not become zero, i.e., this space cannot be conformally flat.
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